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In this work, we present a practical design of quasi isotropic underwater acoustic carpet cloak
with pentamode microstructure. The quasi conformal transformation is not only used to obtain the
required parameters, but also used to deform the retrieved regular pentamode material structure to
the desired carpet, during which the effective parameters can be considered as not being affected
too much. The nice and broadband cloak effect shows the success of the design. This work will
contribute to the experimental demonstration of pentamode acoustic carpet cloak. Moreover, the
technique in this work also can be used to design arbitrarily shaped devices with microstructures.
PACS numbers: 46.40.Cd
INTRODUCTION
Transformation method, which is used to design amaz-
ing devices such as cloaks for wave controlling, was ini-
tially proposed for electromagnetic waves[1, 2], and then
generalized to acoustics soon[3, 4]. It uses coordinate
transformations to build connections between geomet-
ric space and material space. In several fields, different
cloaks, designed with the transformation method to can-
cel the scattering of the incident wave to hide objects,
have been reported recently[1–3, 5–9].
Another most attracting application is the carpet
cloak, which covers the object on a rigid plane and makes
the scattering wave perform as being reflected by the
plane, resulting in the concealment of the object[10].The
idea of carpet cloak was firstly proposed by Li and
Pendry[10], and then was fabricated for electromagnetic
wave[11–13]. The concept was extended to acoustics
immediately[14, 15]. And soon latter, an acoustic carpet
composed with perforated plates was designed by a lin-
ear transformation, where the materials are anisotropic
but homogeneous[16]. The good cloak effect was shown
by the experimental results. Since then, more relative
researches on carpet cloak for airbone sound have been
reported[17–19]. Compared with carpet cloak for airbone
sound, the underwater one has more important practical
applications, but suffering from difficulty in impedance
matching and microstructure design[20, 21]. In our pre-
vious works, we experimentally demonstrated the two
and three dimensional under water carpets[22, 23]. The
carpets were constructed with uniformed mental strips
alternating with water layers periodically, which behave
like fluid with anisotropic inertia and isotropic bulk mod-
ulus. The effectiveness of the prototypes was experi-
mentally demonstrated in anechoic tanks. Another ap-
proach to under water carpet is using pentamode ma-
terial (PM), which can be completely fabricated from
rigid solids in practical case[24]. For the ideal PM in
three dimensional (3D) case, the six order elastic ten-
sor only has one nonzero eigenvalue. The five vanished
eigenvalues correspond to five easyways to deform the
materials, which leads to the zero shear modulus. This
is the reason that the pentamode is so named (penta
means five in Greek)[24, 25]. The only eigenmode is a
hydrostatic stress. Thus, the ideal PM exhibits simi-
lar acoustic properties to fluids that only the compres-
sive wave can exist. In two dimensional (2D) case, the
name “pentamode” is stilled inherited, even though only
two of the three eiganvalues are zeros. The 2D PM
can be realized by hexagonal lattice with highly tun-
able effective parameters, which can be designed to have
anisotropic modulus[26, 27]. The shear modulus of the
latticed PM is so small that it can be neglected and
regarded as fluid in some frequency bands. PM has
attracted great attention in underwater acoustic wave
controlling[8, 9, 28–31]. It has been proved that wave
equation in PM is also form-invariant under the coor-
dinate transformations[25], thus PM can be used to de-
sign some valuable under water devices with transfor-
mation method[8, 9]. However, it is difficult to design
an anisotropic PM carpet (PMC), because of the com-
plexity of the transformation method and harsh bound-
ary conditions of impedance matching[25, 32]. An pos-
sible way for PMC is quasi conformal transformation
(QCT), which will bring the quasi isotropic parame-
ter distribution. The QCT method can be archived by
grid deformation theory[10] or solving inverse Laplace’s
equations[33, 34]. Although suffering from large size
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2and inhomogeneity, the arbitrary shapes, the minimized
anisotropy and broadband character of the QCT based
devices still show strong attractions[10, 11, 33, 34].
In this work, we use a 2D version of the PM lattice
to design a quasi isotropic latticed PMC. The continu-
ous required parameters are obtained with QCT method,
which is archived by solving inverse Laplace’s equations
with Neuman and Dirichelet boundaries[33, 34]. In order
to realize the carpet with 2D PM microstructures, the
carpet is pre-divided into 300 different cells, where the
discrete parameters are obtained by the area average of
the continuous one. The 2D PM unit cells, with effective
parameters equaling to that of the corresponding discrete
ones, are acquired by retrieving the energy bands[8, 31].
Since the retrieved PM unit cells are regular hexagon, it is
difficult to build a carpet. Thus, some appropriate defor-
mations of the PM cells are necessary. The QCT method
is reapplied to deform the retrieved PM cells in order to
build the desired carpet. We firstly use the retrieved PM
cells to form 300 rectangle shaped bricks which have the
same parameters with the discrete ones correspondingly,
and then arrange them into an array having the same
size with that of the virtual space. The PM array is
viewed as a new virtual space with the required param-
eters of the carpet, and mapped into a carpet with the
same QCT. Due to the conformal preservation, we sup-
pose that the deformations will not change the effective
parameters of the structure seriously. This hypothesis
is further supported by the good cloak effect of simula-
tion results. Cosine similarity is used to demonstrate the
broadband and good performance of the latticed PMC in
different directions.
DESIGN METHOD
Considering that the virtual space and physical space
are described by complex coordinates w = u + iv and
z = x+iy correspondingly, the conformal transformation
optics builds a relationship between those two spaces in
the following way[2, 35–37]:
nz = nw|dw
dz
| = nw
√
1
detJ
, (1)
where nz and nw denote the reflective index in physical
and virtual spaces, and J is the Jacobian transformation
matrix. This result is derived by mapping the Helmholtz
equation in physical space into the virtual space with
the analytical function w(z)[2, 36]. Since the propaga-
tion of the acoustic wave in isotropic media also obeys
the Helmholtz equation, the conformal transformation
also can be used to design acoustic device. Thus, the
relationship in Eq.(1) will still be kept in acoustics with
conformal transformations.
Conformal transformation provides the possibilities
for isotropic carpet cloak designing. Figure 1 shows
the transformation of a carpet, where the virtual space
ABCDEF presents the free space with reflective index
nw and the physical space A
′B′C ′D′E′F ′ represents the
carpet cloak filled with the transformed media with re-
flective index nz. The boundaries A
′B′, C ′D′, E′F ′ and
D′E′, F ′A′ are all straight lines along horizontal and ver-
tical directions, while the arc B̂′C ′ is an arbitrary curve.
The background media is water with ρ0 = 1000 Kg/m
3,
K0 = 2.25 GPa, and nw = n0 = 1. According to Eq.(1),
nz is determined by the transformation matrix J . How-
ever, finding a suitable mapping z(w) for the designed
carpet is a great challange, since analytical function z(w)
determines the shape of the physical space. Quasi con-
formal transformation (QCT) is an appropriate option
for this situation[10, 33, 34, 38] One way to realize QCT
is calculating the inverse mapping w(z) by numerically
solving the inverse Laplace’s equations with predefined
boundary conditions[33, 34, 38].
The QCT theory suggests that the Cauchy-Riemann
conditions must be satisfied in the mapping w(z):
∂u
∂x
=
∂v
∂y
(2a)
∂u
∂y
= −∂v
∂x
(2b)
which can result to the Laplace equations as:
∇2u = 0, (3a)
∇2v = 0. (3b)
According to the equivalence of the external boundaries
between virtual and physical spaces, the Neuman and
Dirichelet boundaries are used:
~n · ~∇u(x, y)|A′B′C′D′,E′F ′ = 0, v(x, y)|A′B′C′D′,E′F ′ = y;
(4a)
~n · ~∇v(x, y)|F ′A′,D′C′ = 0, u(x, y)|F ′A′,D′E′ = x.
(4b)
Thus, the inverse Jacobian matrix A = J−1, which is
shown as follows:
A =
(
∂u
∂x
∂u
∂y
∂v
∂x
∂v
∂y
)
, (5)
can be obtained by solving the Laplace equation Eq.(3)
with the boundary Eq.(4) in a partial differential equa-
tion solver. Because the calculation is numerical, it
is easy to be understood that A11 = ∂u/∂x (A12 =
∂u/∂y) does not exactly equal to A22 = ∂v/∂y (−A21 =
−∂v/∂x). This can lead some very soft anisotropy which
can be neglected. Thus, the transformation can be regard
as quasi conformal.
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FIG. 1. (Color online) Illustration of conformal transformation acoustics. Conformal mapping ω(z) transforms the virtual
space ABCDEF into the physical space A′B′C′D′E′F ′, while the inverse mapping z(ω) transforms the physical space back to
the virtual space.
If regarding the density as homogeneous, then the
acoustic parameters can be written as:
ρ = kρ0, (6a)
K = ρc2 =
kK0
n2
= kK0detJ, (6b)
with k > 0 as an arbitrary constant able to tune
the parameters. Considering the identity |dw/dz| =√
1/|detJ |[35], one can find that Eq.(6) is the same with
Norris’s results[39].
On the other hand, keeping the physical space with
an impedance equaling to that of the background media,
one can derive that the bulk modulus and density of the
physical space have the properties shown as follows:
ρ =
ρ0c0
c
= ρ0n = ρ0
√
1
detJ
(7a)
K = ρc2 =
K0
n
= K0
√
detJ (7b)
which are the same with Eq.(6) in Ren et al’s work[40].
In this paper, we chose the acoustic parameters shown
in Eq.(7) to design the latticed PMC.
DESIGN OF THE UNIT CELLS
In our case, the designed carpet has the scale of E′F ′ =
4.8 dm and D′E′ = 2.0785 dm, while the arc B̂′C ′ is a
curve described by y = a cos2(pix/b) with a = 0.3 dm,
b = 125/36 dm, and x ∈ [−1.44, 1.44] dm. The back-
ground media is water with ρ0 = 1000 Kg/m
3, K0 = 2.25
GPa, and nw = n0 = 1. The inverse Jacobian matrix A
is obtained by solving the Laplace equation Eq.(3) with
the boundaries Eq.(4) in a partial differential equation
solver. Since the inverse Laplace’s equations are numeri-
cally solved, the Cauchy-Riemann relationships shown in
Eq.(refeq:cr) are not exactly but approximately satisfied.
This causes tiny anisotropy. The anisotropic ratio, de-
fined as A11/A22 = |A12/A21| here, is as small as 1.058,
which can be neglected. Then the inverse mapping w(z)
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FIG. 2. (Color online) Profiles of (a) the continuous refrac-
tive index and (b) the discrete approximation in the acoustic
carpet.
and the mapping z(w) can be confirmed and regarded
as nearly conformal. The index profile in the acoustic
carpet is shown in Fig.2(a), which presents a petal like
distribution. It tends to n = 1, the value of water, near
the boundary D′E′, E′F ′, F ′A′, and reaches at the max-
imum of n = 1.35 at the peak of curve B̂′C ′ and the
minimum of n = 0.75 near the points B′ and C ′. The
carpet is pre-divided into 300 different cells in order to
be realized by PM structure. The discrete indexes are
shown as Fig.2(b). There are 15 rows and 20 columns.
The index in each cell is the area average of the contin-
uous one. Thus, it is easy to obtain the required bulk
modulus and density of each cell according to Eq.(7).
And in this work, only isotropic PM is in considerations.
A basic unit cell of PM is shown in Fig.3(a) which is
colored in light yellow. The substrate is aluminum with
density ρAl = 2700 kg/m
3, Young’s modulus EAl = 69
GPa and Poisson’s ratio ν = 0.33. The regular hexagon
cells behave as isotropic metafluid. The geometric pa-
rameters of the basic PM unit cell are characterized by
side length l, strut thickness t, and the block size (s, h).
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FIG. 3. (Color online) (a) Microstructure of the 2D PM, with a basic PM unit cell colored in light yellow and a PM brick
colored in lemon. (b) The 15×20 sized PM brick array with corresponding expected effective refractive index shown in Fig.2(b).
(c) The deformed PM bricks archived by conformally transforming the regular PM bricks shown in (a). (d) The microstructure
of the PMC transformed from the array shown in (b).
At the quasi-static regime[41], the effective density is the
volume average of the mass. Thus the effective density
is mainly determined by the block size (s, h). The ratio
of thickness and side length, η = t/l, mainly determines
the effective bulk modulus of the PM. The effective pa-
rameters of the PM can be calculated by Bloch-Floquet
analysis[31, 42], and the required geometric parameters
can be obtained by retrieving the energy bands[8, 31].
In order to construct the carpet with the latticed PM
structures, the rectangle shaped PM brick is composed
by one unit cell with four quarter cells adjoining the four
oblique sides, shown as the lemon structure in Fig.3(a).
And there are four different PM bricks marked by the red
dashed lines in Fig.3(a). Every brick, with the side length
l = 8 mm, has the same size with that of the grids in the
virtual space shown in Fig.1. All the bricks together pill
up a 15× 20 array (Fig.3(b)), where every PM brick has
nearly the same effective index with the corresponding
cells in Fig.2(b). The red rectangle in Fig.3(b) marks
the four PM bricks shown in Fig.3(a). The PM bricks
array has the same size with that of the virtual space.
Since the bricks are regularly shaped, some deforma-
tions should be implemented in order to form the de-
signed carpet cloak. We use the QCT technique again to
deform the regular PM bricks into a appropriate shape
which can form the needed carpet. The PM brick array
is regarded as a new virtual space, where the effective pa-
rameters are not the same with the back ground media
any more. Since the mapping z(w) connects the virtual
space and the physical space, z(w) can transform the ge-
ometry of the PM array into a shape similar with the
physical space. Note that QCT can be regarded as ap-
proximate conformal transformation, thus it can keep the
angles and shapes locally unchanged during the trans-
formation. The basic assumption in the deformations is
that the transformation of the bricks can only change the
scales and keep the shape almost unchanged. As what
have been mentioned above that the effective parameters
of the latticed PM are determined by the shape not the
size of the structures, the deformations will not change
the effective parameters of the bricks seriously. The
formed carpet is shown in Fig.3(d). It can be observed
that most of the PM unit cells keep a highly approximate
regular hexagon lattice. We suppose that the deformed
structure will keep the original effective parameters in
the long wave approximation, which is also proved by
the simulation results. Since that the bottom boundary
B̂′C ′ is not specific, the technique can be used to carpet
with arbitrarily shaped bottom boundary[33, 34].
SIMULATION RESULTS
The performance of the latticed PMC is simulated us-
ing finite element solver COMSOL Multiphysics. The
simulated results are shown as Fig.4, where a Gassian
beam of frequency 15 Hz is incident at 55◦ from the left
up side to the bottom.
In Fig.4(a), the bottom side is set as acoustic rigid
boundary to imitate the rigid ground plane. It is obvi-
ous that all the incident waves are reflected by the rigid
plane and the reflected waves keep the plane wave prop-
erty. Figure 4(b) presents the acoustic field distribution
of the ideal PMC with the index shown in Fig.2(a). The
field is almost identical to that of the rigid plane shown in
Fig.4(a). Figure 4(c) shows the field distribution of lat-
5(a) (b) 
(c) (d) 
1
-1
N
or
m
al
iz
ed
 P
re
ss
ur
e
S
FIG. 4. (Color online) Acoustic pressure field of (a) rigid plane (b) ideal PMC (c) rigid scatter and (d) latticed PMC.
ticed PMC, whose structure is presented in Fig.3(d). In
Fig.4(d), the incident beam is scattered into two distinct
beams at different angles by the rigid bulge. It shows that
the reflected field is very similar to that of the ideal case
in Fig.4(b). Thus, it can be concluded that the designed
carpet can cloak the scatter well at 15kHz.
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FIG. 5. (Color online) The cosine similarity of the reflected
waves for ideal PMC (red circles), rigid scatter (blue squares)
and latticed PMC (green triangles).
Moreover, the cosine similarity (CSI), which can be
written as follows[21, 43]:
CSI =
P rP o
|P r||P o| =
ΣP ri P
o
i√
Σ(P ri )
2
√
Σ(P oi )
2
, (8)
is used to evaluate the performance of the latticed PMC
at different frequencies. In Eq.(8), P r and P o are the
reference and objective pressure in a measured domain.
The reference pressure in this work is the reflected pres-
sure of the rigid bulge, while the objective one is that
in measure. The measure domain is a 10 dm × 3 dm
rectangle that is 6 dm above the bottom side, shown as
the dashed line S in Fig.4(a). The value of CSI describes
the degree of similarity between the objective field and
the reference pressure, i.e., a larger SCI means a higher
similarity. Figure 5 shows the SCIs of the ideal PMC,
rigid scatter and latticed PMC at the frequency ranging
from 10 Hz to 20 Hz. It can been seen that the CSIs of
the ideal PMC are all 1, which means the ideal PMC has
an identical performance with the rigid plane.
The CSIs of the latticed PMC coincide with that of the
ideal PMC very well, while the CSIs of the rigid scatter
are much smaller than that of the ideal and latticed PMC.
Thus, the latticed PMC is as effective as the ideal one at
a broadband frequency domain.
Furthermore, the case of the incoming beam incident
in vertical direction is also studied, and the simulation
results are shown in Fig.6. It is obvious that in vertical
incident case, the latticed PMC exhibits the same good
cloak behavior with the oblique incidence.
The almost perfect performance of the ideal PMC in-
dicates that the QCT can be used to design acoustic de-
vice. Also, the good cloak effect of the latticed PMC
shows that the deformation discussed in Sec. does not
impact the effective parameters seriously.
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FIG. 6. (Color online) The scattered acoustic pressure of (a) the rigid plane, (b) the ideal PMC, (c) the rigid scatter and (d)
the latticed PMC at 15 kHz. (e) The cosine similarity of the scattered pressure for ideal PMC (red circles), rigid scatter (blue
squares) and latticed PMC (green triangles)
CONCLUSION
We have designed a latticed PM carpet via the QCT,
which only needs an isotropic reflective index distribu-
tion. The Jacobian transformation matrix, which deter-
mines the index distribution, is obtained by numerically
solving the Laplace’s equations in the inverse mapping.
The needed density and bulk modulus are calculated by
keeping the impedance equal to that of water. The de-
signed carpet are divided into 300 cells in order to realize
the latticed PMC by the 2D PM unit cells. The corre-
sponding 300 PM bricks are obtained and arranged into
an array with the same size with that of the virtual space.
We use QCT again to map the geometry of the PM brick
array, which is regarded as a new virtual space, into a
carpet shaped structure, in which process we assume the
transformation will not change the effective parameters
of the corresponding PM lattices too much. The CSI in a
chosen domain is calculated to archive an accurate anal-
ysis for the cloak effect, which shows that both the ideal
and latticed PMC have a highly similar behavior with
the rigid plane. This confirms the validation of the QCT
method on carpet designing and unit cell deformations.
We hope the technique used in this work can be used to
design relative isotropic acoustic devices.
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